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XXXII. On the Symmetric Functions of the Boots of certain Systems of two Equations, 

By Arthur Cayley, Esq., F.B.S. 

[Received December 18, 1856, — Read January 8, 1857, 

Suppose in general that <p=0, ^=0, &c. denote a system of (n— 1) equations between 
the n variables (#, y, z, . .), where the functions <p, %//, &c. are quantics (i. e. rational and 
integral homogeneous functions) of the variables. Any values (x^y^ z„ . .) satisfying the 
equations, are said to constitute a set of roots of the system ; the roots of the same set 
are, it is clear, only determinate to a common factor pres, i. e. only the ratios inter se 
and not the absolute magnitudes of the roots of a set are determinate. The number of 
sets, or the degree of the system, is equal to the product of the degrees of the component 
equations. Imagine a function of the roots which remains unaltered when any two sets 
(#n Vii Z\-> • • •) an( i (x 2 , 2^25 ^2> • •) & re interchanged (that is, when x x and x^ y x and y 2 , &c. 
are simultaneously interchanged), and which is besides homogeneous of the same degree 
as regards each entire set of roots, although not of necessity homogeneous as regards the 
different roots of the same set; thus, for example, if the sets are (a? 19 y x ), (x 2 ,y 2 \ then the 
functions x x x 2 , x 1 y 2 -{-x 2 y 1 , y{y 2 are each of them of the form in question ; but the first and 
third of these functions, although homogeneous of the first degree in regard to each 
entire set, are not homogeneous as regards the two variables of each set. A function of 
the above-mentioned form may, for shortness, be termed a symmetric function of the 
roots ; such function (disregarding an arbitrary factor depending on the common factors 
which enter implicitly into the different sets of roots) will be a rational and integral 
function of the coefficients of the equations, i. e. any symmetric function of the roots 
may be considered as a rational and integral function of the coefficients. The general 
process for the investigation of such expression for a symmetric function of the roots 
is indicated in Professor Schlafli's Memoir, " Ueber die Eesultante eines Systemes 
mehrerer algebraischer Gleichungen," Vienna Transactions, t. iv. (1852). The process is 
as follows : — Suppose that we know the resultant of a system of equations, one or more of 
them being linear; then if <p=0 be the linear equation or one of the linear equations of 
the system, the resultant will be of the form <p!?> 2 .., where <p 2 , <p 2 , &c. are what the 
function <p becomes upon substituting therein the different sets (# 15 y„ v.), (#21 Vv V-) 
of the remaining (n—1) equations -^=0, %=0, &c. ; comparing such expression with 
the given value of the resultant, we have expressed in terms of the coefficients of the 
functions %//, %, &c, certain symmetric functions which may be called the fundamental 
symmetric functions of the roots of the system %|/=0, %=0, &c. ; these are in fact the 
symmetric functions of the first degree in respect to each set of roots. By the aid of 
these fundamental symmetric functions, the other symmetric functions of the roots of 
the system i//=0, %=0, &c. may be expressed in terms of the coefficients, and then com- 
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bining with these equations a non-linear equation 0=0, the resultant of the system 
<P=0, -^=0, x— 0, &c. will be what the function O^... becomes, upon substituting 
therein for the different symmetric functions of the roots of the system ^=0, %=0, &c. 
the expressions for these functions in terms of the coefficients. We thus pass from the 
resultant of a system <p=0, 4>=0, %=0, &c, to that of a system 0=0, i//=0, %=0, &c, 
in which the linear function <p is replaced by the non-linear function O. By what has 
preceded, the symmetric functions of the roots of a system of (n— 1) equations depend 
on the resultant of the system obtained by combining the (n—1) equations with an arbi- 
trary linear equation ; and moreover, the resultant of any system of n equations depends 
ultimately upon the resultant of a system of the same number of equations, all except 
one being linear; but in this case the linear equations determine the ratios of the 
variables or (disregarding a common factor) the values of the variables, and by substi- 
tuting these values in the remaining equation we have the resultant of the system. The 
process leads, therefore, to the expressions for the symmetric functions of the roots of 
any system of (^—1) equations, and also to the expression for the resultant of any 
system of n equations. Professor Schlafli discusses in the general case the problem of 
showing how the expressions for the fundamental symmetric functions lead to those of 
the other symmetric functions, but it is not necessary to speak further of this portion of 
his investigations. The object of the present Memoir is to apply the process to two par- 
ticular cases, viz. I propose to obtain thereby the expressions for the simplest symmetric 
functions (after the fundamental ones) of the following systems of two ternary equa- 
tions ; that is, first, a linear equation and a quadric equation ; and secondly, a linear 
equation and a cubic equation. 
First, consider the two equations 

(a, b, c,f\ g, hjw, y, z) 2 =0, 

(*, ft yj(>,y, s)=0, 
and join to these the arbitrary linear equation 

(I, n, QO>y> 2)=0, 
then the two linear equations give 

x:y :2=/3£— >yq\ y|— at: an—$\ ; 

and substituting in the quadratic equation, we have for the resultant of the three equations, 

(a, b, c,f, g, hJfil—yYi, yl—ul, m— £l) 2 =0, 
which may be represented by 

(a, b, c, f, g, hXi, n, Zf=0 9 
where the coefficients are given by means of the Table. 

a b c f g h 



a = 
b= 


JL.ry% 


+r 2 


+ /3 2 
+ a 2 


— 2/3y 


— 2ya, 


— 2afi 


a 2 ) 


f = 

g = 
h== 


-Py 


— ya. 


-a/5 


-a 2 
-fa/3 

+ 7 a 


+ a/3 
-\-f3y 


■\-ycL 





viz. a=by 2 -\-cfi 2 —2f(5y, &c. 
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But if the roots of the given system are 

(^15 ill) #1/9 \^2? ^25 #2/5 

then the resultant of the three equations will be 

(#» y» *J& % 2)-(^a» y 25 ^li, *, 2)=° ' 
and comparing the two expressions, we have 

a — rv* rp 

b=y,y 5 



'25 



C #j # 2 , 



2f =yi*2+y&, 

Jig z=z Z X X 2 "T" #2^1 5 

which are the expressions for the six fundamental symmetric functions, or symmetric 
functions of the first degree in each set, of the roots of the given system. 

By forming the powers and products of the second order a 2 , ab, &c, we obtain linear 
relations between the symmetric functions of the second degree in respect to each set of 
roots. The number of equations is precisely equal to that of the symmetric functions of 
the form in question, and the solution of the linear equations gives — • 

a 2 ,. „ / y,2/y& 

b 2 —y\f. 



' 2 "'2, 



C2 ___ ,»i2 ~2 
— — AS-i A>e 



'1 "25 

be =y 1 z 1 y 2 z 2 , 

(Aik) — Jb i Miii/n It 2, 

4f 2 -2bc=y^ 2 2 +y^n 
4g 2 — 2ca = z\x\-\- #2^15 
4h 2 — 2 ab = # 2 y 2 + x\y 2 , 

2af =x l y l z 2 x 2 -\- z x x x x 2 y, 
6 2 i bg=y l z l x 2 y 2 +x l y l y 2 z 
2 ch = s^ya ^2 + y 1 ^1 #2# ; 

4gh~2af =^2^2+^1^15 
4hf — 2bg = y\ z 2 x 2 + y 2 #i#i 5 
4fg — • 2ch = z\x 2 y 2 + z\x Y y x , 

2bf =y 2 1 y 2 z 2 +yty 1 z u 

ZCg =s ^! ^2^2 "T" Z 2 Z x Xi^ 

& an — — X\X 2 ij 2 "y" x 2 x j y 1 , 
5 a2 



2? 



25 



25 



'29 



'25 



'29 
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2cf =z 2 1 y 2 z 2 +zly i z 1 , 

2bh=^ a y a +yjar 1 y 1 . 

Proceeding next to the powers and products of the third order a 3 , a 2 b, &c., the total 
number of linear relations between the symmetric functions of the third degree in 
respect to each set of roots exceeds by unity the number of the symmetric functions of 
the form in question ; in fact the expressions for abc, af 2 , bg 2 , ch 2 , fgh contain, not five, 
but only four symmetric functions of the roots ; for we have 

abc =#^2! . x$ 2 z 2 
4aP = (x.ylx.zl+x.ylx, *?) + 2x 1 y l z 1 a: s y& 
4bg 2 = {y Y z\y 2 x% + y 2 zly Y x\) + 2x 1 y i z 1 x 2 y 2 z< 
4ch 2 = ( z Y x\ z 2 f 2 + z^ 2 2 z, y\) + 2x 1 y 1 z l x 2 y 2 z, 
8fgh=(x 1 y 2 1 x 2 z 2 2 +x 2 ylx 1 z\y 

+ (y i Ay A + y\ Ay A) \ + 2x x y l z l x$ 2 z 2 , 

\ ( ^i^i z 2 x 2 -j- z 2 x 2 z 1 y 1 j 

and consequently the quantities a, b, c, f. g, h, are not independent, but are connected 

by the equation 

abc — af 2 — bg 2 — ch 2 + 2fgh = 0, 

an equation, which is in fact verified by the foregoing values of a, &c. in terms of the 
coefficients of the given system. 

The expressions for the symmetric functions of the third degree considered as functions 
of a, b, c, f, g, h, are consequently not absolutely determinate, but they may be modified 
by the addition of the term X(abc— af 2 — bg 2 — ch 2 +2fgh), where X is an indeterminate 
numerical coefficient. 

The simplest expressions are those obtained by disregarding the preceding equation 
for fgh, and the entire system then becomes — 



b 3 =f$ 



3 

2? 



C3 ___ #3 ~3 
^1^25 



b 2 c =y\z Y y\z 



2? 



C2q ____ mi rp >v*rp 



'25 



,2 
'2? 



a 2 b =x 2 1 y 1 x 2 2 y 
be 2 =y x z\y 2 z 

ao zzzXi y\X 2 y 2 , 

^hCzizX^iZyX^Z 
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2b 2 g = y\z,x 2 y\-\-f^ x y\ 
2c 2 h = z\x l y^l+ 4w! 



2 

2 



2a 2 g = 




2b 2 h = 


#/3/y» /j>/2 t_/»/3/y» yy/2 
J 1^2^ 2 H^2^ ljl ? 


2c 2 f = 


^1^2+^22/l^n 


2a 2 h = 




2b 2 f = 


$^2+3^1. 


2c 2 g = 


*?#*»+ «&?*» 



2bcf = ffryA+tfafli *!, 

^jC812£ — - #j^j#2^2i" ^2^2^1*^15 

2abh= ^i^+^y^^ 2 , 

2bcg=y 2 2Xy 2 2 2 +y.«*Wi> 
2cah = z^x^y^ + z^s^y^, 

AWOl —-^lJ/l^yAT" ^2^2^2^2225 

2bch = y 2 z,^ z 2 -f tfjtjcyfa , 
2caf = zX# 2 # 2 z 2 + z|a?ai*^i z i> 
2 abg = # 2 y ,ar,y , z 2 + a%y&&0 af 

4af 2 — 2abc = ^^z^+^^X, 



4bg 2 - 


— 2abc = 


yAxtyi+yXxlyi, 


4ch 2 • 


— 2abc = 


z l x 1 y 2 z 2 -f- z 2 x 2 y l z l , 


4bf 2 ■ 


-2b 2 c = 


ytyA+ytyA, 


4cg 2 • 


-2c 2 a = 


2?& T 2 -4- # 3 # T 2 

<v j<V2w 2 1 < *'2 1 1 5 


4ah 2 • 


-2a 2 b = 


^ l**' 2# 2 H^ «* 2^ 1 !J 1 9 


4cf 2 • 


-2bc 2 = 


2^2+ %>i, 


4ag 2 


-2ca 2 = 




4bh 2 - 


- 2ab 2 = 


y^^y^ nry^iVi ? 


4agh' 


-2a 2 f = 


^1^2#2^2 "T" ^^l^A, 


4bhf 


-2b 2 g = 


$P$*z % +y*p l y l z» 


4cfg 


-2c 2 h = 


%i$%y$<2rT" %2ftiyiZu 



722 ME. A. OAYLEY ON THE SYMMETBIC FUNCTIONS 

4bgh — 2abf =y\z x x\y 2 +y 2 2 z 2 x 2 y XJ 
4chf — 2bcg = z 2 l x ] ytz 2 + z\x 2 y 2 z x , 
4afg — 2 cah = x\y x z\x 2 + x\y 2 z\x x , 

4cgh — 2acf = yiZ 2 1 xlz 2 -\-y 2 zlx 2 l z 1J 
4ahf — 2bag= z x x\y\x 2 + z 2 x\y\x x ^ 
4bfg — 2cbh= x^zfyz+Xzylzfyv 

8f 2 g — 4chf — • 2bcg = z\x 2 y\ + z\x x y\, 
8g 2 h — 4afg — 2 cah = x\y 2 z\ + #j|y ^J, 
8h 2 f — 4bgh — - 2 abf = y\z 2 x\ + y 3 ,^ 2 , 

8fg 2 — 4chg — 2 acf = z\xly. 2 + z\x\y x , 
8gh 2 — 4af h — 2bag = x\y\z 2 + x\y\z x , 
8hf 2 — 4bgf — 2cbh= y\z\x 2 -\-y\z\x^ 

8f 3 — 6bcf = y\z\ + yj z\ , 
8g 3 —6cag= z\xl~\-zlx\, 
8h 3 — 6abh=^^2 +^i« 

Secondly, consider the system of equations 

(a, b, c,f, g, h, ij, k, T$x> y, z) 3 =0 5 

(a, p, yX#,y, *) =°> 

where the cubic function written at full length is 

ax 3 + % 3 + cz 3 + 3/y 2 £ + 3gz 2 x + 3y^ 2 y + 3%2 2 + 8jzx 2 + 3&ry* + &lxyz 
Joining to the system the linear equation 

the linear equations give 

# : y : z=@Z ) —<yy} : yl—uZ^ : e^— j3£, 
and the resultant is 

(a, J, 0,/, g, h, i,j\ k, V^Z,— yn, yf-«£, a*— /3g) 3 =0, 

which may be represented by 

(a, b, c, f, g, h, i, j, k, 1X& n, Q 3 = 0, 

where the coefficients a 9 b 9 &c. are given by means of the Table :— 
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a b 


e 


/ 


9 


A 


• 


* 

7 


A 


I 


a = 
b= 
c = 


_— .ryS 

-f-/3 3 —a 3 


-/3 3 


--3/3y 2 


~Syoc q 


—3a/3 2 


+ 3/3 2 y 


+ 3y*a 


4-3a 2 /3 




f = 
g= 


4-/37* 

+ ya* 


+ a/3* 


-a' 2 /3 


+ a 2 /3 
-~/3 2 y 


— y 2 a 

+ /3*y 


— a 3 
~ 2a/3y 


— 2a/3y 
--/3 3 


— 2a/3y 

_y3 


+ 2ya* 
+ 2a/3* 

+ ^y 2 


» 

J = 
k= 


~/3*y 

— y 9 a 


-a 2 /3 


-fa 3 
+ 2a/3y 


-f/3 3 
+ 2a/3y 


+ 2a/3y 

+ y 3 


-a/3- 2 
-f-ya°- 


+ a/3* 2 

-/3y* 


—ya 2 

_L j3'V 2 


— 2a 2 /3 

— 2/3*y 

_2yQ a 


1 = 




— ya 2 


—a/3 2 


— /3y 2 


+ a 2 /3 


+ /(3 2 y 


-f~y 2 a 





viz. a=^y 3 — q3 3 — 3//3y 2 + 3ij3 2 y? & c - ; 

but if the roots of the given system are 

then the resultant of the three equations may also be represented by 

(#19 #19 ^X^9 *?9 • (#29 #2, ^H, 3, 2) • (#3, #39 «sX^ ^9 2) 5 

and comparing with the former expression, we find-— 

a—— /y rp /y* 

b =y 1 y 2 y 3 , 
3f =y l y 2 z 3 +y 2 y 3 z l +y 3 y } z % , 

og=iZ l Z 2 X 3 -i-Z 2 Z 3 X 1 -\-Z 3 Z 1 X : 

o n = x x x 2 y 3 "i" #2#3# i i #3# i # 



29 



29 



3q ft ? 
3Pg 
3g^ 

3ij?* 

3?? 
3| 2 r, 

6^5 



3i =yi« a « 8 +ya«3«i+ys«i^ 

3-, ■_ « /yi /yi I M rvt m , n l . -9» /y» /V» 

oK^=^x l y 2 y 3 -\"X 2 y 3 y l -\-x 3 y x y 2 ^ 

Ql^x.y^+x^z.+x^^+x.y^+x^^+x^z,. 

But there is in the present case a relation independent of the quantities a,.&c, viz. we 
have (a, (3, yjx,, y n ^) = 0, (a, /3, y X# 2 , y*, z 2 )=0, (a, /3, 7X# 3 , # 3 , « s ) = 0, and thence elimi- 
nating the coefficients (a, |3, 7), we find 

V=x l y&+x % y& l +x*y l z % ~x l yfo—Viyfa 

By forming the powers and products of the second degree a 2 , ab, &c., we obtain 55 
equations between the symmetric functions of the second degree in each set of roots. 
But we have V 2 =0=a symmetric function of the roots, and thus the entire number of 
linear relations is 56, and this is in fact the number of the symmetric functions of the 
second degree in each set. I use for shortness the sign S to denote the sum of the 
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distinct terms obtained by permuting the different sets of roots, so that the equations for 
the fundamental symmetric functions are — 

a — — rp fp /v» 

C = 0j £ 2 # 39 

3f = Sy.y.z^ 

Og r= o ^! Z 2 X^ 

3i =Sy 1 2J 3 2J 3 , 

OJ =b^ X 2 X^ 

3k = ^x x y 2 y^ 

61 =S# 1 y a s a ; 

then the complete system of expressions for the symmetric functions of the second order 
is as follows, viz. — - 



a — 


/v»^ /v».a /y»2 
12 35 


b 2 = 


yiy^y^ 


c 2 = 


fJZ ~Z /yV, 

"1 ^2 ^39 


bc = 


yiZ 1 y 2 z 2 y 3 z.^ 


ca = 


Zi X\Z 2 X 2 Z^ X31 


ab = 


^1 y 1^22^2*^3^39 



39 



39 



oai — — o X\ij \X 2 tj 2 z^x 

3ch =S ZyXyZ^c^y^z 

3bf=S#?^ 3 2 3 , 

3cg=Sz?z|z 3 ir 3 , 

OctXX — — k? i4/ jiX'ows y 35 

3cf = Sy 1 z 1 y 2 z 2 z 
oag — k5 Zi Xi z 2 x 2 x^ 
3bh=S x.y.x^yl 

3bj =S^ z x x 2 y 2 x z y z , 
3ck =^ z Y x x y^z 2 y z z^ 



,2 

'39 
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3bi =S yly^y^ 

OCT — C> %\ Z 2 X 2 Z 3 X% 

O ctlv. — — O vb jm/ 2 y 2 3 y 3 

3ci = $y 1 z 1 z 2 2 z? i 



'35 
'3? 



,2 
'3? 



s, 



3? 



39 



,2 

'35 

,2 

'3? 



,2 

,2 
'3? 



,2 
'3? 



3? 

2 
3? 



\J cti ■ O it/ iit 2 v 2 3'™' 

6bl=S# 2 y 2 z 2 # 3 # 
6cl =S z\z 2 x 2 y z z 

9f 2 -6bi=S yjy"*; 
9g 2 — 6cj =S sf4tf 
9h 2 -6ak=S ^y 

9i 2 — 6cf =S y\z\z 
9j 2 — 6ag=S sj#|a? 
9k 2 — 6bh=S x\y\y 

9fg— 3ck = S X{y x z 2 z 
9gh -— 3ai =S ^z x z 2 x 2 x\ 
9hf — 3bj = S z x x^)c 2 y^j 

9jk — 3af ==S x\x 2 y 2 y 3 z 3 , 
9ki — 3bg = S y\y 2 z 2 z B x : 
9ij — 3ch = S z\ z 2 x 2 x 3 y, 

9fi — 3bc=S y\y 2 z 2 z 
9gj — 3ca = S z\ z 2 x 2 x* 3 
9hk — 3ab = S x\x 2 y 2 y 

3 ( f j +gk +bi— l 2 )=S^ 1 y 1 ^2^2y 3 2 ; 

3(2fj — gk —hi +1 2 )=S x x y Y x 2 y 2 z 
3(2gk— hi — fj +l 2 )=Sy l 3 I y 2 3 a # 
3(2hi — fj — gk+l 2 )=S z^z^yl 

3(6fl — 3ki— -bg) =So? 1 y 1 yj2; 
3(6gl — 3ij — ch) =Sy 1 3 1 3|ff 
3(6hl — 3jk— af ) =S z x Xy$tf z 



3? 

3? 



,2 

'3? 



'3? 



2 
35 

35 

2 
35 



,2 

'3? 

,2 

'35 



_ 35 
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,2 

'3? 



,2 

'3? 

^3? 



3(6il — 3fg — ck)=S z^y&l 
3(6jl — 3gh-— ai)=S x x y$$ x 
3(6kl-3hf-bj)=Sy A o3j« 

6(-fj-gk-hi+41 2 )=S #y 2 4 

As an instance of the application of the formulae, let it be required to eliminate the 
variables from the three equations, 

(a, J, <?,/, g, h, i,j, k, V$x, ^ *) 8 =0, 

(a, /3, y X#, y, s) =0. 

This may be done in two different ways ; first, representing the roots of the linear equa- 
tion and the quadric equation by (# 15 y n 2 L ), (# 2 , # 2 , z 2 ), the resultant will be 

($, '*X$u y\-i %\) •($? * * X^2? ^2? ^J 9 

which is equal to 

where the symmetric functions x\x% &c. are given by the formula a f3 ==«^ 2 , &c, where 
the coefficients of the quadratic equation being (a ! , If, c\ f\ g\ h!) I have written a' 
instead of a. Next, if the roots of the linear equation and the cubic equation are repre- 
sented by (# n y„ z x \ (# a , y 3 , 2 2 ), (# 3 > #» ^ 3 ), then the resultant will be 

(a', ./#>], ^i ^i) 2 .(^ 5 -X<^ #» ^) 2 (^ .-X^ ^ 35 ^ 3 ) 2 , 
which is equal to 

the symmetric functions x\x\x% &c. being given by the formulae tf=x\x\x\, &c. The 
expression for the Eesultant is in each case of the right degree, viz. of the degrees 6, 3, 
2, in the coefficients of the linear, the quadric, and the cubic equations respectively: 
the two expressions, therefore, can only differ by a numerical factor, which might be 
determined without difficulty. The third expression for the resultant, viz. 

(a, /3, y30» y 15 ^.(a, /3, yX> 2 , y a , z 2 ). . .(a, /3, yX# 6 , ^ « 9 ), 

(where (# 15 y 15 ^J, . . (# 6 , y 6 , 3 fl ) are the roots of the cubic and quadratic equations) com- 
pared with the foregoing value, leads to expressions for the fundamental symmetric 
functions of the cubic and quadratic equations, and thence to expressions for the other 
symmetric functions of these two equations; but it would be difficult to obtain the 
actually developed values even of the fundamental symmetric functions. I hope to 
return to the subject, and consider in a general point of view the question of the forma- 
tion of the expressions for the other symmetric functions by means of the expressions 
for the fundamental symmetric functions. 



